Introduction
Let H be a Hilbert space over K ∈ {R, C} and let N denote the natural numbers including 0. If m ∈ N, then a bounded linear operator T ∈ B(H) is called an m-isometry if, and only if, (It is obvious that the case m = 0 is trivial.) Originating in works of Richter [20] (the Dirichlet shift being the standard example of a 2-isometry) and Agler [2] in the 1980s, operators of this kind have been studied extensively by Agler and Stankus in three papers [3, 4, 5] and since then attracted the interest of many other authors (see for example [8] , [9] or [13] ).
In recent years, two generalisations of the definition of m-isometries have been given. Gleason and Richter in [14] Here, m is again a non-negative integer, α is a multi-index, |α| the sum of its entries and
On the other hand, the notion of m-isometric operators on Hilbert spaces has been generalized to operators on general Banach spaces in papers of Botelho [11] , Sid Ahmed [23] and Bayart [6] . In Bayart's definition, given m ∈ N and p ∈ [1, ∞), an operator T ∈ B(X) on a Banach space X over K is called an (m, p)-isometry if, and only if, ∀x ∈ X,
It is easy to see that, if X = H is a Hilbert space and p = 2, this definition coincides with the original definition (1.1) of m-isometries. 1 In [16] the relationship and intersection class between (m, p)-and (µ, q)-isometries is studied. In [10] an example of an unbounded operator satisfying (1.2) is given. (We will, however, assume boundedness for convenience.)
In this paper, we combine both generalisations and consider so-called (m, p)-isometric operator tuples on normed spaces, which will be defined in a natural way.
An extension of the definition of (m, p)-isometric operators was given in [16] 
We will generalize this definition to the commuting tuple case in a natural way and give a conjecture on the intersection class of (m, p)-isometric and (m, ∞)-isometric tuples in the last part of this paper.
In the following, X will denote a normed (not necessarily complete) vector space over K (unless stated otherwise, for example in section 6). For d ∈ N, with d ≥ 1, let T = (T 1 , ..., T d ) ∈ B(X) d be a tuple of commuting bounded linear operators on X. (Boundedness is actually not essential for the definition and the basic properties of the objects we are about to discuss, but plays a role in the later theory.) Greek letters like α = (α 1 , ..., α d ) ∈ N d will denote tuples of natural numbers (multi-indices) or their entries, respectively. The norm or 'length' of α will be defined by |α| = d j=1 α j and we set further
To denote the tuple which we obtain after removing T j from T = (T 1 , ..., T d ), we will write T ′ j (that is, T ′ j = (T 1 , ..., T j−1 , T j+1 , ..., T d ) ). We use the notation α ′ j analogously. Finally (again if not stated otherwise), we take the exponent p to be a positive real number, p ∈ (0, ∞).
Definitions and Preliminaries
For T ∈ B(X) d commuting, x ∈ X and p ∈ (0, ∞) as above, define the sequences (Q n,p (T, x)) n∈N by Q n,p (T, x) := |α|=n n! α! T α x p . For all ℓ ∈ N, define further 1 In the case K = R this holds, because the operator
Definition 2.1. Given m ∈ N and p ∈ (0, ∞), a commuting operator tuple T ∈ B(X) d is called an (m, p)-isometry (or (m, p)-isometric tuple) if, and only if,
Again, it is clear that the case m = 0 is trivial. Further, since the operators T 1 , ..., T d are commuting, every permutation of an (m, p)-isometric tuple is also an (m, p)-isometric tuple.
If the context is clear, we will simply write P ℓ (x) and Q n (x) instead of
. This definition coincides with the definition of misometric tuples by Gleason and Richter if X is a Hilbert space (and p = 2) and has, in that context as an equivalent description, essentially already been presented in [14, Lemma 2.1].
Consequently, as one would expect, the basic theory of (m, p)-isometric tuples can be evolved in a similar fashion as in [14] . However, we will use a different approach, based on an idea described in [16] .
Let, as in [16, Notation 3.1], the symbol F denote the set of real functions whose domain is a subset of R which is invariant under the mapping S : t → t+1. Further, define D : F → F by Dg := g − (g • S) for each g ∈ F (that is, D is the backward operator with difference interval 1). Then
for all g ∈ F and all m ∈ N. Note that the set of all real sequences A is a subset of F and that 
We would like to apply this fact to the sequences (Q n (x)) n∈N , to conclude that, if T ∈ B(X)
d is an (m, p)-isometric tuple, then, for each x ∈ X, there exists a polynomial f x , which interpolates (Q n (x)) n∈N . Unfortunately, unlike in the situation of (m, p)-isometric operators (see [16, Remark 3 .6]), we can not immediately state that T being an (m, p)-isometric tuple requires the whole sequence D m (Q n (x)) n∈N to be the zero-sequence. This needs some little extra work. Lemma 2.3.
Proof.
Corollary 2.4.
for all x ∈ X, for all ν ∈ N. In other words:
Before we move on, we state the following lemma, which may be of general interest. It is certainly well-known, but lacking a reference, we include the short proof.
Lemma 2.6. Let D : F → F be defined as above and (a n ) n∈N =: a ∈ A. Then
Proof. By definition
Hence,
3 Basic Properties of (m, p)-isometric tuples
Our preliminary considerations allow us now to derive the basic properties of (m, p)-isometric tuples, which are analogous to those given by Gleason and Richter in [14] in the Hilbert space case. Expressing Lemma 2.6 in terms of P ℓ (x) for ν = 0 reads:
Proof. Lemma 2.6 gives for ν = 0 and a = (Q n (x)) n∈N , for all ℓ ∈ N,
, for all ℓ ∈ N, for all x ∈ X. Therefore, (3.1) reads
Proposition 2.5, as well as Proposition 3.1, imply:
Further, Proposition 2.5 enables us to apply Proposition 2.2 to the sequence (Q n (x)) n∈N , to receive the following fundamental theorem. 
We remark that this fact has already been stated for m-isometric operators on Hilbert spaces by Agler and Let now for k, n ∈ N denote the (descending) Pochhammer symbol by n (k) . That is,
(ii) follows immediately from (i).
For every x ∈ X, the polynomial f x interpolates the points (n, Q n (x)). Determining the Newton form of f x gives (i).
If X is a Banach space this boundedness and convergence are uniform.
Proof. By the proposition above, for each x ∈ X, the sequence
is a convergent sequence of sums. Since all summands are non-negative, sequences of summands have to be bounded. In particular, the sequences
have to be bounded for all β ∈ N d−1 , for all j ∈ {1, ..., d} and all x ∈ X. This immediately gives (i). Noticing that
The last part of the statement follows by the Uniform Boundedness Principle.
4 for each T j and the tuple
Note further that for every subspace M which is invariant for all T j , we have that
An (m, p)-isometric operator is by [6, Proof of Theorem 3.3] an isometry on the quotient space X/ ker β m−1 (T, ·) equipped with the norm (
is the leading coefficient of the polynomial which interpolates the sequence ( T n x p ) n∈N . Indeed a similar result holds for (m, p)-isometric tuples. We will call a commuting operator tuple
In the literature, ℓ 2 -spherical isometries on Hilbert spaces are referred to as just spherical isometries. Obviously ℓ p -spherical isometries are just (1, p)-isometric tuples.
The following has (in equivalent form) already been stated in [21] for (2, 2)-isometries on Hilbert spaces.
follows directly from the definition of P 
Examples of (m, p)-isometric tuples
Non-trivial examples of (m, p)-isometric operator tuples are in general not easy to find. In the case m = 1 this is, however, relatively simple.
Example 4.1. Let X be an arbitrary normed space and I the identity operator. The pair (
2 is a (1, 1)-isometric tuple on X.
. Then the pair
In [21] Richter states (without proof) the following sufficient condition for (2, 2)-isometric tuples on finite dimensional complex Hilbert spaces:
This result leads to our next example.
Further examples for (m, p)-isometric tuples can be easily created on the basis of (m, p)-isometric operators. This principle was used in [14, Example 3.3, Theorem 4.1 and Theorem 4.2], however, since it is not stated explicitly there, we include it here.
Proof. It is clear that the operators z j S are commuting. Further, by the multinomial theorem, we have (
(Of course, Example 4.1 is also of this kind.) For examples of (m, p)-isometric operators see for instance [20] (the Dirichletshift being the standard example), [9] or [23] .
We now consider the special case where T is an (m, p)-isometric tuple with one of the operators being an isometry.
d be a tuple of commuting operators and let T j0 be an isometry for some j 0 ∈ {1, ..., d}. Then T is an (m, p)-isometry for some p ∈ (0, ∞) if, and only if, T ′ j0
with |β| = m. In this case, T is an (m, q)-isometry for any q ∈ (0, ∞).
Proof. Without loss of generality, we can assume that j 0 = 1. The necessity of (T
(ii). However, to show equivalence, we proceed by a combinatorial approach.
Note that
where δ ℓ,m is the Kronecker-delta. To see this, write
(The convention 0 0 = 1 applies.) Now, note further that for all b k,ℓ ∈ C,
(This can be easily seen by writing one side out and reordering the summands.) Consequently, by combining this with (4.1), we get for any sequence (a n ) n∈N ⊂ C,
Assume now that T 1 is an isometry. Then
(Recall the notations α
Then by considering (4.2) for the sequence
for all x ∈ X, which is the desired equivalence. The equivalence of (4.3) and (4.4) also shows that, if T is an (m, p)-isometry for some p ∈ (0, ∞), it is an (m, q)-isometric tuple for any q ∈ (0, ∞).
Assuming now that T satisfies this for all p ∈ (b, ∞) for some b ≥ 0 and taking the limit for p going to infinity, leads to the following definition. 
(This definition extends the one appearing in [16] for operators.) By construction, we can immediately give easy examples of these kind of tuples.
Proof. If one of the operator T 1 , ..., T d is an isometry, then, by Proposition 4.6, T is an (m, p)-isometric tuple for all p ∈ (0, ∞). That T is then an (m, ∞)-isometric tuple follows directly from the construction above which lead to our definition of these objects.
Analogous to Proposition 4.5, one can construct further examples based on (m, ∞)-isometric operators.
Proof. Since z ∞ = 1, we have max |α|=k |z α | = 1 for all k ∈ N. Hence, max |α|=0,...,m |α| even 
Proof. The sufficiency of (5.1) is clear. So assume now that T ∈ B(X) d is an (m, ∞)-isometry and let ℓ ∈ N. We only prove the case where ℓ is even, since the case that ℓ is odd is a direct analogue. We have max |α|=ℓ,..,ℓ+m |α| even
Further, using the following lemma we obtain an equivalent description of (m, ∞)-isometric tuples (compare [16, Lemma 5.3] ).
Lemma 5.6. Let π(n) = n mod 2 denote the parity of an n ∈ N. For any family a = (a α ) α∈N d ⊂ R and m ∈ N, m ≥ 1, the following are equivalent. a α .
Hence, we have (ii) for ℓ 0 = 0. Now assume that (ii) holds for some ℓ ∈ N. Then, in particular, max α∈N d a α = max |α|=ℓ,...,m−1+ℓ a α and since max |α|=ℓ,...,m−1+ℓ a α ≤ max |α|=ℓ,...,m+ℓ a α , we again have equality. By (i), we can omit the first ℓ on the right-hand side, obtaining max α∈N d a α = max |α|=ℓ+1,...,m+ℓ a α . But this has to be equal to max |α|=ℓ+1,...,m+ℓ+1 a α and again by (i), we can write
This is (ii) for ℓ + 1. T α x , ∀ℓ ∈ N.
We easily deduce the following.
In particular, T is uniformly power bounded, that is, there exists a common C > 0, such that T n j ≤ C, for all n ∈ N, for all j ∈ {1, ..., d}.
Note that C is, of course, given by C = max |α|=0,...,m−1 T α . So we do not have to make use of the Uniform Boundedness Principle here and are not even assuming that X is complete.
By simply copying the proof in the single operator case (see [16, Proposition 6 .3]), we show the following:
Proof. By 5.7, max α∈N d T α x exists and, for all ℓ ∈ N and x ∈ X, we have
and the ensuing equality gives the result by invoking 5.7 again.
The case m = 1 deserves some special attention. We call a commuting operator tuple
Obviously ℓ ∞ -spherical isometries are just (1, ∞)-isometric tuples.
Proposition 5.10. Let T ∈ B(X)
d be an ℓ ∞ -spherical isometry (i.e., a (1, ∞)-isometric tuple). For each x ∈ X there exists a j x ∈ {1, ..., d} such that T n jx x = x for all n ∈ N. Proof. We first show the following claim:
For each n ∈ N and each x ∈ X, there exists a j n,x ∈ {1, ..., d} with T k jn,x x = x for all k ∈ N with k ≤ n. Proof of the claim: Note first, since we have by definition max j=1,...,d T j x = x , for all x ∈ X, that T j ≤ 1 for all j ∈ {1, ..., d}. Clearly then also T α ≤ 1 for all α ∈ N d . Further, by Corollary 5.7, max α∈N d T α x = max |α|=ℓ T α x = x , for all x ∈ X and all ℓ ∈ N (since m = 1).
Therefore, for each ℓ ∈ N and each x ∈ X, there exists an α(ℓ, x) with |α(ℓ, x)| = ℓ and T α(ℓ,x) x = x . Thus, T α(ℓ,x)j x = x for all j ∈ {1, ..., d}, as T j ≤ 1 for all j and x = max α∈N d T α x . Moreover, setting n = ℓd, there exist an index j n,x ∈ {1, ..., d} such that α jn,x ≥ ℓ d = n.
8 So T n jn,x x = T k jn,x x = x for all k ≤ n, k ∈ N, again as T jn,x ≤ 1. Thus, the claim is proved.
The rest of the proof is essentially the pigeon hole principle: For fixed x ∈ X, we have infinitely many n ∈ N, but only finitely many j n,x ∈ {1, ..., d}.
Fix x ∈ X and define for each j ∈ {1, ..., d} the set
for all k ≤ n, k ∈ N}. By our claim, for each n ∈ N there is an index j n,x , that is, every natural number resides in at least one of the A j . Thus, since we have only finitely many sets A j , at least one A jx is infinite. T jx ≤ 1 then forces A jx = N as required.
Therefore, we have the following remark. Remark 5.11. If T is an ℓ ∞ -spherical isometry, the space X is the union of the closed subsets X j := {x ∈ X | x = T n j x , ∀n ∈ N}. 
so that T is an ℓ ∞ -spherical isometry with respect to |.| ∞ . Finally, we have
and the two norms are equivalent.
This, of course, implies immediately the next statement. Remark 5.13. If T is an (m, ∞)-isometric tuple, the space X is the union of the closed subsets X j,|.| := {x ∈ X | |x| ∞ = |T n j x| ∞ , ∀n ∈ N}.
Spectral Properties
Let in this section X be a complex Banach space. As before, let T = (T 1 , ..., T d ) ∈ B(X) d be a tuple of commuting linear operators on X. 10 A first definition of the joint spectral radius of such a tuple T was given by Rota and Strang in [22] :
(Note that no definition of a joint spectrum is necessary for this expression to make sense.) In [7] , Berger and Wang give an alternative definition, which reads as follows. We further have the geometric joint spectral radius, r(T ), defined as
Here, λ = (λ 1 , ..., λ d ) ∈ C d and σ(T ) denotes the Taylor spectrum (see [26] ). Other kind of joint spectra include the Harte spectrum σ H (T ) (see [15] ) and the joint (left) approximate point spectrum
All three spectra are non-void 12 . For the joint approximate point spectrum this has been shown in [24, Theorem 1.11].
13
Further, it was shown in [12] that the convex hulls of all the named spectra above coincide. Thus, the geometric joint spectral radius does not depend on the choice of the joint spectrum. That is, one then can replace in its definition the Taylor spectrum by the Harte spectrum or the joint approximate point spectrum.
Soltysiak generalizes the notion of the geometric joint spectral radius in [25] in the following way: Define for p ∈ [1, ∞] the (geometric) joint ℓ p -spectral radius r p (T ) by r p (T ) := max{ λ p | λ ∈ σ H (T )}. 10 Most of the statements that we quote in this section are in general not true, if the operators T 1 , ..., T d do not commute. 11 Harte refers to this set in [15] as left approximate point spectrum. 12 Harte gives with [15, Example 1.6] an example of a non-commuting operator pair with empty Harte spectrum. 13 The definition of σπ (T ) given in [24] actually requires the existence of a net instead of a sequence, however, the proof uses a result given in [27] , which is stated in terms of sequences.
Again, since we only consider commuting operator tuples, the ℓ p -spectral radius does not depend on the chosen spectrum.
Obviously, we have r 2 (T ) = r(T ). Further, Soltysiak shows in [25, Theorem 2] that r ∞ (T ) =r(T ) (= r * (T )). Thus, the ℓ p -spectral radii contain all variations of joint spectral radii named so far. Finally, Müller proves in [18, Theorem 3] the corresponding equalities for finite p:
Now, Gleason and Richter prove in [14, Proposition 3.1 and Lemma 3.2] that the geometric spectral radius r(T ) = r 2 (T ) of an (m, 2)-isometric tuple on a complex Hilbert space is equal to 1. They deliver two alternative proofs for this, which can be easily modified to suit the case of (m, p)-isometric for p ≥ 1 and (m, ∞)-isometric tuples on complex Banach spaces.
Consequently, if p ∈ [1, ∞], X is a complex Banach space and T ∈ B(X) d is an (m, p)-isometry, the geometric joint ℓ p -spectral radius r p (T ) of T is 1.
For all k ∈ N, the number of summands in
and lim
The following is taken from [18, proof of Theorem 4]).
Since σ H (T ) = ∅ is compact, r p (T ) < ∞ exists finitely. Hence, the equation above shows that the function Q k,p (T, ·) 1 pk , restricted to the closed unit ball B(0; 1) of X, converge uniformly to r p (T ). Thus, they converge point-wise.
The remaining parts of the proof are now almost identical to the proof of [14, Proposition 3.1]. By Proposition 3.4.(ii),
Assuming that m is the smallest natural number, for which T is (m, p)-isometric, prompts that there exist vectors x ∈ B(0; 1) for which the inequality on the right is strict. Thus, for all such x, lim k→∞
(ii): By Corollary 5.8 the sequence (max |α|=n T α ) α∈N d is bounded. The statement follows if we show that this sequence is also bounded below.
By Proposition 5.12, we have
Here, the equality is due to Corollary 5.7, since T is an ℓ ∞ -spherical isometry w.r.t. |.| ∞ .
In particular, we have C · max |α|=n T α x ≥ x for all x ∈ X, and then
In [14, Lemma 3.2] it is shown that, if T is an (m, 2)-isometry on a complex Hilbert space, then λ 2 = 1, for all λ ∈ σ π (T ). That is, its joint approximate point spectrum lies in the boundary of the d-dimensional unit sphere and, therefore, one gets again that the geometric joint spectral radius of an (m, 2)-isometry is equal to 1. To obtain this result, Gleason and Richter show (see [14, page 187]) that λ ∈ σ π (T ) if, and only if, there exists a sequence (x n ) n∈N ⊂ X, with x n = 1, for all n ∈ N, such that ( 
is a subset of the d-dimensional complex unit sphere with respect to the p-norm.
Proof. Let λ ∈ σ π (T ). If p ∈ [1, ∞) and T ∈ B(X) d is an (m, p)-isometric tuple, then there exists a sequence (x n ) n∈N ⊂ X, with x n = 1, for all n ∈ N, such that The fact that we are equating an even power of λ ∞ with an odd power forces λ ∞ to be 0 or 1. However, if λ = 0, then the maximum on the left hand side is 1, reached at |α| = 0, and the right hand side is 0. Therefore, we must have λ ∞ = 1. More specific results can so far only be given in special cases. The case where our tuple is constructed by using an (m, ∞)-isometric operator (i.e. by applying Proposition 5.3) is easy and we consider it first.
d be an (µ, ∞)-isometric tuple of the form of Proposition 5.3. That is, T j = z j S, where S ∈ B(X) is an (µ, ∞)-isometric operator and z := (z 1 , ..., z d ) ∈ K d with z ∞ = 1. Assume further that T is additionally an (m, p)-isometric tuple. Then the operator S is an isometry, T = (0, ..., 0, z j0 S, 0, ..., 0) with |z j0 | = 1 for some j 0 ∈ {1, ..., d} and z j0 S is (trivially) also an isometry.
Since ker T ν j0 = {0}, the statement follows. "⇐": By Remark 5.11, X = j=1,...,d X j . Since by assumption each X j ⊂ ker T ν i for all i ∈ {1, ..., d} with i = j, we have
ker T ν i = X for some j 0 ∈ {1, ..., d} (since each intersection is a linear space). Hence, ker T ν i = X for all i = j 0 , which means T ν i = 0 and, thus, X i = {0} for all i = j 0 . Then we must have X j0 = X and T j0 is an isometry. 
So max |α|=ℓ T α x ℓ∈N is a constant sequence for all x ∈ X. In particular,
Since T is an (m, p)-isometric tuple, for any x ∈ X, any β ∈ N d−1 with |β| ≥ m and any j ∈ {1, ..., d}, by Corollary 3.5.(ii), T n j (T ′ j ) β x → 0 for n → ∞. We will show that this implies, given a γ ∈ N d with the property |γ ′ j | ≥ m for every j ∈ {1, ..., d}, that T α T γ x → 0 as |α| → ∞, for all x ∈ X. So take a γ ∈ N d with the property |γ ′ j | ≥ m for every j ∈ {1, ..., d}. Then for any x ∈ X, any j ∈ {1, ..., d} and for all ε > 0, there exists an
But since we have only finitely many j, by simply taking the maximum N ε (x) of all N ε (x, j), we get that for any x ∈ X, for all ε > 0,
For all α ∈ N d with |α| = ℓ, we have α jmax := max j=1,...,d α j ≥ ℓ d , for all ℓ ∈ N. But then, for any chosen x ∈ X and for all ε > 0, there exists an
15 Therefore,
Now, since T is a (1, ∞)-isometric tuple, T j ≤ 1, for all j ∈ {1, ..., d}. Thus,
Since x was chosen arbitrarily, T γ = 0 follows. Now consider the case µ > 1 and let T be a (µ, ∞)-isometry. By Theorem 5.12, T is a (1, ∞)-isometric tuple with respect to the norm |.| ∞ on X, where |.| ∞ is equivalent to . . Hence, for any x ∈ X, any β ∈ N d−1 with |β| ≥ m and any j ∈ {1, ..., d}, T n j (T ′ j ) β x converges to 0 for n → ∞ under |.| ∞ . By repeating the argument from above 16 , we then get that
Again, T γ = 0 follows. We are now able to answer our initial question for the case m ∈ N and µ = 1. That is, we can determine the intersection class of (m, p)-and (1, ∞)-isometric tuples on a given space X. Where n (k) = n k k! = n(n − 1)...(n − k + 1). That is, for all x ∈ X, the sequence (Q n (x)) n∈N is interpolated by a polynomial of degree of less or equal to m − 1. Now, by Corollary 7.6 above, for n ≥ 2m − 1, n ∈ N, Q n (x) reduces to Q n (x) = β! . (We set n ≥ 2m − 1, so that we don't get any multiindices twice in this expression.)
Further, for each n ∈ N, k ∈ {0, ..., m − 1}, β ∈ N d−1 , j ∈ {1, ..., d} and all x ∈ X, by Proposition 5.10, there exists an ℓ j ∈ {1, ..., d}, such that
By Corollary 7.6, for n ≥ 2m − 1, n ∈ N, we must have ℓ j = j, i.e.
But that means that, for all k ∈ {0, ..., m − 1}, β ∈ N d−1 , j ∈ {1, ..., d} and all x ∈ X, the sequences T becomes constant for n ≥ 2m − 1. Therefore, for all x ∈ X, for n ≥ 2m − 1, the sequence (Q n (x)) n∈N is interpolated by the polynomial n → 
which is of degree less or equal to m − 1. However, this polynomial must be the same as the one in (7.1). In particular, their coefficients have to be equal and, more particularly, equating constants, we must have
Take now j 0 ∈ {1, ..., d} and x j0 ∈ X j0 , for X j0 defined as in Remark 5.11. Then for all j ∈ {1, ..., d} with j = j 0 . Since x j0 ∈ X j0 and j 0 ∈ {1, ..., d} were chosen arbitrarily, X j ∈ ker T 2m−1 i for all i = j. Then it follows from Lemma 7.4 that one of the operators T 1 , ..., T d is an isometry. Let T j0 be isometric. Then we have (T 
